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Abstract 

We extend our studies of the TQ equation introduced by Baxter in his 1972 solution of the 8 vertex 
model with parameter r) given by 2Lr] = 2miK + im2K' from m2 = to the more general case of complex 
rj. We find that there are several different cases depending on the parity of mi and m2. 
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1 Introduction 

In 1972 Baxter published one of the most important and influential papers in statistical mechanics of the 20*'' 
century |T] . A loose statement is that in this paper Baxter "solves the 8 vertex model" . A more precise statement 
is that Baxter demonstrates the existence of a matrix Q{v) vifhich satisfies the following functional equation 
with the transfer matrix T{v) of the 8 vertex model 

T{v)Q{v) = [h{v + v)fQ{v - 2^) + [h{v - v)fQiv + 2tj) (1) 

with 

[Tiv),Qiv')] = (2) 

[Q{v),Q{v')]=0. (3) 

Here N is the number of horizontal sites, h{v) is a suitable quasiperiodic function, and ry is a constant that is 
present in the Boltzmann weights of the model which satisfies 

2Lri = 2miK + im2K' (4) 

where L, mi and m2 are integers, K is the complete elliptic integral of the first kind of modulus k and K' is 
the complete elliptic integral of the complementary modulus k' — {1 ~ k'^y/^. The values of rj satisfying the 
condition ^ are referred to in the physics literature as elliptic roots of unity (which we will abbreviate to "roots 
of unity"). In the mathematics literature these values of rj are referred to as division points. 

In the past 35 years there have been many papers which extend, generalize, and comment on equations 
(HI)-® which are often collectively referred to as "the TQ equation". Some of this literature is by Baxter [2]-[S], 
Takhtadzhan and Faddeev [B], Zabrodin [7], Deguchi [HI IS], Bazhanov and Mangazeev [TD]-[T1], Roan [T3] and 
the present authors [T3]-[TB]. Each paper has added to our understanding of the original paper [T] but each 
paper leaves some questions unexplored. 

The transfer matrix T(y) of the 8 vertex model has two discrete symmetries expressed by the commutation 
relations 

[T{v),S] = Q [T{v),R]^0 (5) 
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where (in the canonical basis given in sec. 2) 

S ^ (g) <S) ■ ■ ■ (E) (Jn R ^ (E) <J2 <E ■ ■ ■ (E) (J% (6) 
We note that 

RS^{-1)'^SR (7) 

and from ([5]) it follows that 

[T{v),RS] = (8) 

If the transfer matrix T{v) were nondegenerate then the matrix Q{v) of (U)-© would also satisfy ([5]) and 
([8|). However, when ^ holds the matrix T{v) has degenerate eigenvalues and the matrix Q{v) no longer needs 
to satisfy these commutation relations. For this reason the matrix Q which satisfies (Il|)-(l3|) is not uniquely 
defined when ([4]) holds. 

The Q{v) matrix can be chosen to have the same discrete symmetries ((S]) and ([H]) as the transfer matrix. 
This choice is made in the 1973 paper of Baxter |2j. We call this choice (573(f). This matrix Q73{v) is defined 
for all values of rj. In the original paper [1] of 1972 the condition ([4]) is imposed and a matrix Q{v) is constructed 
which is nondegenerate. We call this matrix Q72{v). 

We have investigated this construction of Qr2{v) in the series of papers [14]-[16j. In the first paper of the 
series [13] we found for 1112 — and nii odd that the construction of ref. [T] gives a Q72{v) matrix which 
commutes with S but does not commute with R and RS. We also found that the construction fails for L odd 
and TOi even. For this case a new construction was found in [16j which contains a parameter t. We call Qj^2 ('^) 



the Q{v) matrix constructed by means of [Tj and Q12 i"^', t) the matrix constructed by use of the procedure of 



1(2), 

m- 

In this paper we extend these constructions by considering the general case of @ with m2 7^ 0. We find that 
there are four distinct cases depending on the parity of toi and TO2. When necessary we denote these cases as 

'572oe(^)' '372oo(''^)i QyVeol"^)' '372ee(^;*) where the first (second) subscript indicates the parity of mi (m2). 
These cases are distinguished by different commutation relations with the operators R and RS as follows. 

Case 1 mi odd, m2 even, N unrestricted 

[Q^2L(«), s] = 0, [q'^^Im^R] + 0, {q'^^Im.RS] + (9) 

Case 2 mi odd, m2 odd, N unrestricted 

{Q^iLiv). S\ / 0, \Q^^lM,R\ + 0, [Q^L(^), RS\ = (10) 
Case 3 mi even, m2 odd, N unrestricted 
[Q'-^Liv), S] ^ 0, [Q^L(f ), i?] = 0, [Q^'2L(^), RS] + (11) 

Case 4 mi even, m2 even, iV even. 

We find that there are matrices Q72ee(^!^) ^^r t = m] and t = (n + 1/2)?] with 71 an integer and thus there 
are several subcases to be distinguished 

Case 4A t = ni] 

[Q^'Liv; nr^), S] = 0, [QgUv. nv),R] ^ 0, [Q^2L(z;; n^), RS\ + (12) 
Case 4B t (n + l/2)ry, mi = (mod4), and m2 = (mod4) 

[Qf2L(«; (" + 1/2)^?), S\ - 0, [g^L(f ; {n + l/2)r;), i?] ^ 0, [g^L(f ; (n + l/2)ry), + (13) 

f2l f2l 

The matrix Q'j-lf.Jyv; nr\) is similar to the matrix Q\2f.g{v\ {n' + l/2)r/). 

Case 4C t = {n + l/2)r], mi =2 (mod4), m2 = 2 (mod4) 

[QilM, (" + 1/2)^), S] ^ 0, [Q^^lM^ {n + l/2)rj),R] = 0, [Q^U^; {n + l/2)ry), ^ (14) 



2 



Case 4D t = (n + 1/2)77, = (mod4), m,2 = 2 (mod4) 

{Q?Li^: in + 1/2)7]), S] ^ 0, [Q^U^; [n + l/2)7j),R] ^ 0, [Q^L(i'; + l/2)7j), RS] = (15) 

(2) 

No matrix Q72ee(^j + l/^)*?) exists for toi = 2 (mod4), m2 = (mod4). In addition it is known from 
numerical computations [T6^ that for general values of i a matrix can be constructed that satisfies llj and ^ 
but not ([3|) which does not commute with any of S, R or RS. 

There remains one case for which no matrix has yet been found by use of the methods of refs. jT] or [16] which 
satisfies (IT|)-(I3]); this is ttii even, m2 even and N odd. It has been seen in |15| from numerical computations that 
a TQ equation for eigenvalues holds and the eigenvalues of Q{v) have unique properties not seen in cases 1-4. 
The particular case 77 — 2K/3 is extensivly treated in [lOj where unique properties also exist for the 6 vertex 
limit 

In sec. 2 we review the formalism of the 8 vertex model for the case that ^ holds with 7712 7^ 0. This 
involves a modification of the theta functions @{v) and H{v) which was first introduced in [5]. The properties 
of these modified theta functions are summarized in appendix A where we also prove various identities which 
will be used in the text.. In sec. 3 we review the three steps of the construction of the Q72{v) matrix of ref. 
[1] which uses the auxihary matrices Qr{v) and Ql{v). The explicit construction of Qr{v) is given in sec. 4 
with special attention to the recent discovery [16] that the principles of this construction lead to two different Q 
matrices Q72''(v) and {''^'^t)- In sec. 5 we use the methods of ref.[T] to construct the (572'' (v) which satisfies 
the equations ([I])-® for the three cases where toi and 7712 are not both even. In sec. 6 we consider case 4 
when N,mi and 7772 are even and show that (372 (f;t) satisfies ([T]) with additional phase factors and that in 
cases 4A-4D the relations ([2]) and Q are satisfied. The quasiperiodicity conditions and the general form of the 

eigenvalues of (572^(1)), Q'r-zeei^'^ ^^'^ Q72ee(^i ('^+ 1/2)??) are derived in sec. 7 and we conclude in sec. 8 with 
a discussion of our results. 



2 Formulation of the 8 vertex model 

The Boltzmann weights of the 8 vertex model are given in terms of elements of a matrix Ws{a, (3)±i,±i in a 
2 dimensional space labeled by ±1 and an external 2 dimensional space labeled by a = ±1,/? = ±1. These 
elements are given in terms of four quantities a, 6, c, d as 

T4^8(l,l)|ia = W^8(-1, -1)1-1.-1 = a 
M/8(-l,-l)ki = 1^8(1,1)1-1,-1 - b 
T4/8(-l,l)|i,-i = M/8(1, -1)1-1,1 = c 

T^8(l,-l)|i,-i = T^8(-1, 1)1-1,1 = d (16) 

(17) 

and the transfer matrix in the 2^ x 2^ "external space" is written as 

Tsiv)\^^f3^TTWs{auf3i)Ws{a2,P2)---WsiaN,PN) (18) 

where the trace is in the "internal" 2x2 space. 

In the famous 1972 paper of Baxter [1] it is shown that any two transfer matrices commute if the 4 parameters 
for each of the two matrices are constrained by the two conditions 

^ (19) 



2{ab + cd) 
cd 

These two homogeneous constraints on 4 parameters define a one parameter family which satisfies 

[Tiv),Tiv')]=0 (21) 

The parameter v is made explicit in the 1972 paper jT] by writing the Boltzmann weights in terms of the Jacobi 
elliptic functions 

OG 

H{v) = 2^(-l)"-ig("-^)%in[(277- l)7r7;/(2if)] (22) 

n=l 

oc 



9(7;) = l + 2^(-l)"g" cos(777;7r/X) 



n=l 

-7gi/V™/(2-^')i7(7; + iX') (23) 
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where K and K' are the standard elHptic integrals of the first kind and 

q = e-^-^'/-^. (24) 

The parametrization of [T] is sufficient for the case m2 = 0. However, to deal with the general case of @ 
with m2 7^ Baxter in ref. [5] introduces the "modified" theta functions 



Hm{v)^e^^^-^^{v^KYjH{v) e™(«) = exp (^^^(i; - i^)^ j e(«) (25) 

In terms of Q.„i{v) and H.„i{v) the Boltzmann weights are parametrized as 

a= eTO(-277)e,„(?7 - w)iJm(?7 + u) 
b = ~Qrni-'2r])Hrniri - v)Q„i{v + v) 
c = -77„i(-2ry)e„(?7 - u)6„(?7 + w) 

Hm{~2ri)Hm{Tl~v)Hm{r} + v) (26) 

When 7712 — the parametrization (|26p reduces to the parametrization of [I] . 

The factor in (P5|) is chosen so that the modified theta functions have the periodicity [see (eqn (11) of [2,) 

H^{v + ALri) ^ H,n{v) Q„,{v + ALri) = Q.,^{v). (27) 

In appendix A we demonstrate that these modified theta functions are in fact Jacobi theta functions but that 
their fundamental parallelogram is no longer spanned by 2K and 2iK' (the quasiperiods of H{v) and Q{v). 
Instead we find the quasiperiodicity properties 

Hm{v + uJi) - (-ir{~ir^^-Hm{v) (28) 

Q^{v + Lo^)^{-lY'-'-Q^{v) (29) 
H^{v + UJ2) = (-l)'(-l)"V"'e-'"*'''-^)/'"^iJ™(z;) = (-l)'^+'(-l)"V"'""^e-2"''/"^iJ„,(«) (30) 

Q,n{v + L02) = (-l)"V-ie-2"("-^/"i)e™(i;) = (-l)''(-l)''V"i-'-^e-2W-ie^(^) (31) 
where the original (quasi)periods 2K, 2iK' and the (quasi)periods uji, 102 are related by a modular transformation 
^^ = 2(r^K ^ir^K') LU2 = ^{bK + iaK') (32) 

ari — 6r2 = 1. (33) 
Here, with vq defined as the greatest common divisor in 2toi and TO2, the quantities ri and r2 are given by 

2mi = Tor I 1712 = rQr2, (34) 

From ((33|) the area of the fundamental period parallelogram 

0, LUl, UJl + LU2, ^1 (35) 

is ^KK' . We thus see that the modified theta functions are in fact theta functions of nome 

(i ^ e"'^^/'^! (36) 

which are modular transforms of the original theta functions 8(ti) and H{v). We also note that note that 

2Ltj = rouji/2 (37) 
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3 Formal construction of the matrices Q72{v) 

The construction of ref. [Ij of a matrix Q which satisfies ((J)-© under the condition ^ consists of three steps: 

1. Construction of matrices Qr{v) and Ql{v) 

The first step begins with an assumption that there exists a matrix Qr{v) of the form 

QR{v)\a,i3 = TrSR{ai,Pi)SRia2,P2) ■ ■ ■ SR{aN,l3N) (38) 
with SR{a, P) an L X L matrix with elements Sm,n(Q^, P) which satisfies 

Tiv)QRiv) = [hiv + v)fQRiv - 27?) + [hiv - 7])]''QRiv + 2r;) (39) 

where 

h{v) = e„,{o)e,ni-v)H„,{v) (40) 

This matrix Qr{v) cannot be unique because if (|39|) is muhiphed on the left by any matrix A which commutes 
with T{v) then AQr{v) also satisfies (|39|) . In addition we note that the matrix e°-'"QR{v) will satisfy ([38| with 
h{v ± 77)^ replaced by e^'^°-^h(v ± 77)^. 
Similarly we construct a matrix Ql{v) 

QL[v)\a,p = TrS'i(ai,/3i)S'L(a2,/32) • • • SL{aNj[iN) (41) 
which satisfies 

Ql{v)T{v) = [h{v + ii)fQL{v - 27?) + [h{v - Ti)fQL{v + 27?) (42) 

This matrix is non- unique by multiplying on the right by any matrix which commutes with T{v). 

The matrices Qr{v) and Ql{v) are independently defined and can be independently constructed by analogous 
procedures. However it is also instructive to note that the matrix Ql{v) can also be obtained obtained by taking 
the transpose of (|39p and using the symmetry properties of the transfer matrix 

T^{v) = (-l)^T(-t;) (43) 

T'^{v) = e'''^rn2{v-K)/L^j,^^j^ _ ^^^^ 

and the properties 

h{v) = -h{-v) (45) 

h{v) = e'™^("-^)/(^'');7(2X - v) (46) 
we find constructions for Ql{v) as 

Ql{v) = Ql{-v) (47) 

Ql[v) = e"*™^"^/(2^'')g5(2if - v) (48) 

where to obtain (|47p we have used ((43|) and ((45|) where to obtain (|48|) we have used (|44|) and ((46|l and we note 
that (|47|) [ (|48| ] may differ by right multiplication by a matrix A which commutes with T{v). The matrices 
Qr{v) and Ql{v) will not in general satisfy either ^ or ([2]). 

2. The interchange relation 

To satisfy conditions ((2]) and ^ we impose the interchange relation 

QLivi)AQRiv2) = QLiv2)AQRivi) (49) 

where the matrix A is independent of vi and V2, satisfies A^ ^ 1 and commutes with the transfer matrix T{v). 
In this paper we will consider the four choices 

A = I,S, R, RS (50) 
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These choices may be thought of as representing the arbitrariness in the construction of Qr{v) and/or Ql{v)- 
We wih see below that for cases 1-3 where mim2 is not odd that ([49|) holds for only two of the four choices of 
A whereas for case 4 where mim2 is odd (j49| holds for all four choices (|50p . 



3. The nonsingularity condition 

The final requirement is that the matrices Qb,(v) and Qhiv) possess one value v = vq such that Qr{vo)~^ 
and Ql{vo)~^ exist. Under this nonsingularity assumption we obtain from (|39p . (|42)) . and ([49]) that the matrices 

Q72{v) = QBiv)QR'M = AQl\vo)QLiv)A (51) 

and 

AQ72{v)A = AQr{v)Q-\vo)A = Ql'MQ^v) (52) 

both satisfy the three conditions ([H)-© needed for the TQ equation. 

We will see below in cases 1-3 that Qr{v) is generically nonsingular but for case 4 where mim2 is odd and 
holds for all four choices (|50p that Qr{v) is singular for all v. In cases 1-3 where the interchange relation 
holds for two and only two matrices Ai and A2 we obtain from ([5^ 

A^Qn{v)A^ ^ A2Q72{v)A2 (53) 

or 

A2A^Qj2{v)A^A2^Qn{v) (54) 
If Ai,A2 commute then Q72(w) commutes with A1A2 

4 The matrices Qr{v) and Ql{v) 

In appendix C of ref. [1 it is shown that for the existence of the matrix Qr{v) of the form ((38)l which satisfies 
it is necessary that the matrix elements „ of Sr satisfy 



(ap„ - 6p™)s^j_„(-|-,/3) + {d- cp„iPn)s^'^ „^{-,(3) = 

(c - dpmPn)s^,„{+P) + {bpn - ap™)s^ „(-, /3) = (55) 
This set of homogeneous linear equations will have a nontrivial solution provided 

(a^ +b'^ -c^ ~ (f)pmPn = a^(P™ +Pn)- cd{l + pI^pI) (56) 
This can only happen for certain values of m and n. For all other values we have 

s^Ja,f3)^0 (57) 
Using the parameterizations (j26p we have 

2cn(2r;)dn(2r;), cd / ab = ksn^ {2ri) (58) 



ab 

where sn(u), cn(u), dn(w) are the conventional doubly periodic functions with periods 2K and 2iK' and sn(i;) is 
given in terms of theta functions as 

k^l^sn{v)^H{v)l<d{v) (59) 

Thus ([551) becomes 

2cn(2?7)dn(277)p„p„ - pl^ + pi - ksn\2rj){l + p^pl) (60) 
and it is shown in ref.[l that if pm is written as 

Pm — k^^^sn{u) (61) 
it follows from (pO)) that 

p„ = k^/^sn{u ± 27?) (62) 

In order for the nonsingularity condition for Qr{v) to hold we need additional nonvanishing elements „. We 
consider two possible choices. 
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4.1 The matrices Q^i\v) and Ql\v) 
The first choice is to require 

si,i(a, P) ^ 0, SL,Lia, P) ^ 

Then equ. has to be satisfied for n = m. Then 

sn(u) = sn{u ± 277) 

This fixes the parameter u to become u = K ± r] and leads to the restriction to discrete 77: 

2Lt] = 2miK + im2K' 
One obtains from (|6T|) and (|62p that 

p„ = fci/2gn(X+ (271- 1)77) 
We indicate the choice (|63)) by writing 



5«(a,/?) -> 5l,^)(a,/3), Qn{v) -> g^^'(7;) 



(1)^ 



(63) 



(64) 



(65) 



(66) 



(67) 



and from [T] we find 



0(1 

0(1 
0(1 

(1 



s 



I3)k,k+iiv) 

I3)k+i,k{v) 

/3)ia(«) 

/3)l,l(i') 

P)k.k+iiv) 

P)k+i.k{v) 



Hm{v + K - 2kri)T0,^k 
Hm{v + K + 2kri)Tp^ k 

H,n{v + K + 2L'q)Tpx 
Qmiv + K ~ 2kri)Tp^_k 
0,niv + K + 2kri)Tp, k 

em(v + K + 2Lij)ti3^l 



l<k<L-l 
l<k< L-1 



l<k<L-l 
l<k< L-1 



(68) 



With this choice the argument of appendix C of ref. 1 shows that the equation ((39| holds with h{v) given by 

(gOl). 

We choose to construct the matrix Ql{v) from ([55)1 by use of (|T7l) and (jA.6|) as 

l<k<L-l 
1< k< L-1 



4^ 


(a, 


+)fe,fe+i(t') 


= Hm(v - 


F if + 2/c77)<_„, 


si' 


(a, 


+)fe+i,fc(t') 


= H„iiv - 


F if - 2/c77)<_ , 


si' 


(a, 




Hmiv - 






(a, 




= H„iiv - 


h if - 2L77)<^ 


4^ 


(a, 


-)k,k+i{v) 


= 6m(wH 


-if + 2M<,_fe 




(a, 


-)k+i.k{v) 


= 6^(7; H 


- if - 2k7jK k 


si' 


(a, 


-)iAv) 


= B„i(7;H 




4 


(a, 


-)lAv) 


= e„,(7;H 


r if - 2L77)<^^ 



1 < A: < L - 1 
1 < A: < L - 1 



(69) 



In order to cover the case 7712 ^ we have to define Sr and Sl in terms of modified theta functions. That this 
is allowed is immediately obvious from the simple observation that 



k^/hn{v) = H{v)/e{v) = H„-,{v)/Qm{v) 

(2^ (2) 

4.2 The matrices Q)^ {v;t) and Q\ {v]t) for even 

The second choice which exists for 7T7i and 7772 even was recently found in ref. T6J with 

s«(a,/3)^0, sf;i(a,/3)^0 



(70) 



(71) 



(2) 

This choice will always give a vanishing matrix Q j^ when used in 



we consider Qj, {v; t) we will always assume that N is even. 



when N is odd. Consequently whenever 
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To obtain this case we need to have ((60)) hold for m = l,n = L and m = L,n = 1 which because of the 
symmetry in (|60p in m and n gives the single equation 

siv^{vr + 2rj) + s\\^{vr + ^Lt]) - sn^277(l + k^su^{vr + 2?7)sn^(-yr + 22.?^)) 

-2sn{vr + 277)sn(wr + 2Lr])c\\2-qdw2ri = (72) 
This equation will hold if p„ is given by (j62p with pi = and thus 

sn(ur + 2ry) = sn(wr + 2{L + l)r/) (73) 
which, using the periodicity properties sn(w + 2K) = — snw and sn(w + 2iK') = snw, is satisfied for all v if 

2iry = AmiK + 2im2K' (74) 

which is the root of unity condition ^ with mi = 2mi, TO2 — 2m2- In other words we are restricted to mi 
and m2 even in the root of unity condition (|4]) . 

We will follow the notation of ref. [16] by setting 

Vr = t — rj (75) 

Then, indicating the choice (|7ip by writing 

SR{a,P) ^ 4'^(a,/3), gi?(z;) ^ Qf{v) (76) 
we have 

p„ = fci/2gjj[^ ^ (2n - 1)?7] = i/„(t + (2n - l)r/)/e„,(t + (2n - l)r/) (77) 
and following [16j we find 

•5*)? ( + 7/3)fc,fc+l(w) = -Hm{v -t-2klf)Tf3,^k 

,P)k+i.k{v) = H„i{v + t + 2kr])Tp^ k 
,/3)fc,fc+i(w) = Q,n{v-t-2kri)T0^_k 
,/3)fc+i,fc(w) = e„i(w + t + 2fc77)T0^ fc 

,/3)i.l(w) = H,n{v + t + 2Lf])Tfi^ L 

,/3)l,i(«) = -H^{v^t-2L'q)Tp^^L 
,P)hL{v) - e,„(w + i + 2L77)T^,L 
,/3)l,i(«) = Qm{v-t-2Lri)Tp,^L 



(2) 
H 
(2) 



5),^^( 

4^' 



(78) 



With the choice (|78|) for S'j^'' we may follow the procedure of [Tl to obtain the slight generalization of ([T]) 
r(i,)Q(,')(«; t) = c.-^[/i(« + 77)]'^Q^'^(« - 277; i) + a;-^[/i(« - r,)fQf{v + 2r,- 1) (79) 

where 

— (^) w 

The details of this computation which show the origin of the phase factor uj are given in appendix C. 
The companion matrix Qj^ {v;t) must satisfy 

Q^P{v,t)T{v) = uj'^'ihiv + r,)]^Qf (« - 2r;; t) + uj-[h{v ~ il)fQT{v + 2r^;t) (81) 

We find it convenient to use and to construct Q^l\v\t) in terms of {v\t) as 

Qf («;i) = -Q^'^'^(2i^-t^;i)^ (82) 

where the factor of — S* which is inserted for convenience uses the non uniqueness of Ql{v) under multiplication 
on the right by any matrix which commutes with T{v). Thus we find 

S^^\a,+)k,k+i{v) = Hra{v + t + 2kri)T'^_^ 

4''(a,+)fe+i,fe(v) = -H^m{v-t-2kri)T'^ ,^ 

4'^(a,-)fc,fc+i(w) = Qra(v + t + 2kri)T'^_j^ 

SL\(^,-)k+i,k{v) = ^m{v ~t~2kri)T'^f^ 

4'^(a,+)i,L(^') = -H„,{v-t-2Li^)T'^^ 
:(2) 



S'^'{a,+)LAv) = Hrn{v + t + 2Lri)T'^_^ 
s'^l\a,~)i^L{v) = e,„(«-t-2L77)<_^ 
5f (a,-)L,i(«) = Qm{v + t + 2Lr,)T'^^_^ 
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5 The matrices Q't2{^) m2 not both even 

The construction of the matrices Q'^^ (w) and Q^^^ (v) given in the previous section is vaUd for all integer mi and 
7712 in the root of unity condition (jj]) . However, the validity and the choice of the matrix A in the interchange 
relation (I49p and the nonsingularity condition are different for the different parities of 7711 and 7772- 

5.1 The interchange relations 

The computation of the interchange relations (|49|) are similar for all four choices of the matrix A but each case 
differs in detail. Therefore we will treat the four cases in separately. The results are summarized in 4.1.5. 

5.1.1 The case A^I 

We consider first the interchange relation ((49|) with A = 1 and write 

' W)Qr^ (^')U./3 - Triy^'^ («i . /3i I"', v)--- W^^'^ {aN,PN\v', v) (84) 
where W'^^\a, I3\v' ^v) are x matrices with elements 

Thus the interchange relation (|49l) with A = I will follow if we can show that there exists an x diagonal 
matrix Y with elements 

Vkl.W =ykl'^k,i5k',k' (86) 
such that 

W'^^\a,l3\v',v)^Y'^'^W^^\a,l3\v,v')Y^^^-^ (87) 

To examine the possibility of the existence of such a diagonal similarity transformation we need to explicitly 
compute W(a, (3\v' , v) from (ISS)) . To do this we use the identity 

em{v')emiv) + H„-,iv')Hmiv) = f+(v + v')g+{v' - v) (88) 

with 

5+(z) - H,„((iX' + z)/2 + K)H^{{iK' - z)/2 + K) (90) 
where we note the following properties 

g+{-z)=g+{z) (92) 
g+(z + 4L77) = (-l)™5+(z) (93) 

and for 777 1 and 7712 both even 

g+{v + 2L^) = {-ir^^^'^g+{z) (94) 

The properties (PT|) and ([^^ are obvious from the definitions ([55)1 and ([TO]) . Property follows from 
with 7771 ^ 777i/2 and 7712 -»■ 7772/2. The relation ^ follows from (|A.7p . (|A.8p . (|A.9p and (jA.lOp . Using ([SHD we 



9 



find explicitly 

^ Sk+ijSk'+iA'T^,^krp,-k'.f+{v' + v + 2K + 2{k- k')f])g+{v' -v + 2ik + k')r)) 
+Sk+uSk',i'+iT'^^_krp,i'f+{v' + v + 2K + 2{k + l')v)9+{v' - v + 2{k - l')rj) 
+Sk+iASk',i'Si',iT^^_kTfJflf+{v' + V + 2K + 2kr])g+{v' -v + 2fcr/) 
+Sk+i,iSk'.LSi'.,LT^^_kTp,Lf+(v' + v + 2K + 2{k + L)T])g+{v' -v + 2(k- L)t]) 
+5kj+i5k' +i,vT'^jTp-k' f+W + V + 2K - 2{l + k')rf)g+{v' - v - 2{l - k')r]) 
+Skj+iSk',i'+KjTfij,f+{v' + v + 2K-2{l- l')Ti)g+{v' - v - 2(1 + 
+<5a;j+i4',i'<5;',iTq,/T-/3,o/+(i^' + v + 2K - 2l'q)g+{v' - v - 2lri) 
+SkA+iSk',LSi',LT^^iTp^Lf+{v' + v + 2K-2{l- L)Tj)g+{v' - v - 2(1 + L)tj) 
+SksSi.iSk'+i,uT^,oTp,^k'f+iv' + V + 2K - 2k'ri)g+{v' -v + 2k' vi) 
+SksSi,iSk',i'+iri,orp,i,f+iv' + V + 2K + 2l'ri)g+{v' - i; - 21' ri) 
+SkxSi,LSk'+i.i'T'a^L'^(3.-k'f+iv' + v + 2K ~ 2{L + k')ri)g+{v' -v- 2{L ~ k')r]) 
+5kx5i,L5k'.i'+K,L^p.i'f+{v' + v + 2K~2{L- l')r,)g+{v' - v - 2{L + l')f^) 
+Sk,iSi^iSk' ,1'Si' ^iT'^^QTpfif+{v' + V + 2K)g+{v' - v) 
+Sk,iSi,iSk'xSi',LT'^fiTp,Lf+{v' + V + 2K + 2Lri)g+{v' -v- 2Li]) 
+Sk,LSi,LSk' ,1'Si' ,iT^^j^T,3^of+{v' + v + 2K - 2Lri)g+{v' - v - 2Lri) 

+Sk^LSi,LSk',LSi',LT^^LTp^Lf+{v' + y + '^K)g+{v' -V- 4Lt]) (95) 

A necessary condition for the existence of a diagonal similarity transformation is that the diagonal elements 
W^^\a, P\v' ,v)k,k';k,k' and W'^^^{a, P\v,v')k.k':k,k' be equal. From the last four terms in ([55]) we find that these 
diagonal elements are 

W<^'\a,l3\v',v)nM= f+{v' + v + 2K)g+{v' ~v)T'^ ,,Tf3,o (96) 
(a, P\v', w)i,L;i,L = f+iv' + V + 2K + 2Lrj)g+{v' -v- 2Lri)T'^^^Tp,L (97) 
W^^\a,P\v',v)L,i,Ls ^ f+{v' + V + 2K- 2Lrj)g+{v' ~v- 2LijK^^T0^o (98) 

W{a, (3\v', v)l.L;L,l = f+iv' + v + 2K)g+{v' -v- 4Lr])T'^^LTp,L (99) 
It follows from ^ and ^ by use of ^ that 

= (100) 

W^^\a,P\v',v)LX;L,L = W^^\a,P\v,v')L,L,L,L (101) 



To examine the elements W^'^\a, I3\v' ,v)i^l;1,l and W'^^\a, I3\v' ,v)l,i-l,i we use the identity ([93|l in ([97|) 
and (UHl) we find 

iy«(a,/3|«',«)i,L;i,L = {-ir^^'W^'\a,P\v,v')i^L-xL (102) 

W^^\a,l3\v',v)L,uL,i - {-ir'"''W^^\a,P\v,v')L.i;L,i (103) 



We thus conclude that the interchange relation (|49|) is not satisfied if mi and m2 are both odd. However, 
when at least one of the integers rai,m2 is even we do have the necessary equality and the remainder of the 
proof of the existence of the diagonal matrix Y as given in appendix C of ref. [1] holds. We thus conclude that 
in the case that when mim2 is even that (|49|) holds. 

5.1.2 The case S 

The proof of the interchange relation ([49]) with A = S' is similar to the proof with A = I 
We first write 

Ql^ {v')SQ^^^ {v)Up = TrM^(i)'5(ai, /3i \v', v) ■ ■ ■ W^^^'^iaN, Pn\v', v) (104) 
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where W'^^^^ {a, P\v' ,v) are x matrices with elements 

P\v', v)k,k'-i,i' = ^ iSUa, l\v')k,iSRij, (3\v)k'M (105) 

Thus (|49|) will follow if we can show that there exists an L"^ x diagonal matrix with elements 

Vmi' = (106) 
such that 

W'^^'>^ia, I3\v', v) = r(i)^Ty^(a, P\v, v')Y'^^^^~^ (107) 

To explicitly compute the matrix W^^"^^ {a, (3\v' ,v) we use the identity which follows immediately from the 
identity ^ and (|A.7p by sending v' -> -v' 

H^{u)H^{v) - e^(u)e^(w) = /-(w + w)g-(w - w) (108) 

where 



H(^K)Q{K) '^''P (,8i^^^" + ~ ^^^V + ^^/^ + K)H,r.{{iK' - z)/2 + K) (109) 

g_(z) = 77„((iif' + z)/2)H,n{{iK' - z)/2) (110) 
which have the properties that 

f-{-z) = e»'^"2^/(2Lr,)j_(^) 

g_(-z)=.g_(z) (112) 
<?_(z + 4Lr7) = (-l)™i™H-l)"^g_(z) (113) 

and for mi and TO2 both even 

g-{z + 2L77) = (-l)™i"^/4(-l)'"^/2^_(z) (114) 

The property (|114p follows from (|113p with mi ^ mi/2 and m2 rn^jl. The proof of (|113p follows from 
(|I?7)) . CO|) . ((X9)) and (fOO]) . The properties (flTT|) and pT2)) are obvious from the definitions (fT09)) and pTO]) 

M^(i)^(a,/3|«',«)fe,fc.;U' = 

+4+i.i4'+i,i'r;,_fer/3,_fc./_(w' + + 2if + 2(/c - fc')?7).9-(^'' - w + 2(fc + k')^) 
+Sk+i,i5k'.i'+irL,-krp,i'f-{v' + v + 2K + 2{k + l')v)g-{v' -v + 2{k- l')ri) 
+4+i,;4M'<5;M^a,-fe^/3,o/- {v' + v + 2K + 2kf])g_ {v' ~ v + 2h]) 
+Sk+i,iSk'.LSi'.LT'^^_kTf},Lf-{y' + V + 2K + 2{k + L)ri)g-{v' -v + 2{k- L)tj) 
+Skj+iSk'+U'T:,jTp^^k'f-iv' + v + 2K^2{l + k')7j)g^iv' ~ v - 2{l - k')r^) 
+SkA+iSk',i'+iT^,iTp,i'f-{v' + v + 2K-2{l~ l')ii)g^{v' -v~2{l + 1')tj) 
+5k,i+i5k' ,i'5v ,iT'^ iTf}flf-{v' + V + 2K- 2lr])g-{v' - v ~ 2lri) 
+5kj+i5k'.L5v.LT'^^iTp,Lf-{v' + v + 2K-2{l- L)7j)g^{v' - v - 2{l + Ljrj) 
+SksSi,iSk'+i,i'T'^,oTp.-k'f-{v' + V + 2K- 2k'rj)g_{v' -v + 2k'rj) 
+5ksSi,iSk',i'+iT'^^o^p.i'f-{v' + V + 2K + 2l'r,)g^{v' - v - 21'!^) 
+5k.L5i,L5k'+i,vr'^,Lrp,-k'f-W + v + 2K-2{L + k')ri)g_{v' - v - 2{L - k')fj) 
+5k.L5i,L5k',i'+iriLrp,i'f- W + v + 2K-2(L- l')Tj)g^ {v' - v - 2{L + l')rj) 
+<5fc4(S^,l4^l"5/^lr^^oT/3,o/-(^'' + v + 2K)g^{v' - v) 
+5ks5i,i5k' ,l5i' ,LT'a.aTp,Lf-{v' + w + 2K + 2Li])g^{v' -v- 2Lri) 
+5k,L5i,L5k' ,v5v ,it'^,lTp^oJ^{v' + v + 2K ~ 2Lr])g-{v' -v- 2Lr]) 
+Skx5LLSk'.LSi'.LTa,LTi3,Lf-{v' + V + 2K)g^{v' ALvi) 

In order for the diagonal matrix yf^''^' to exist it is necessary that the diagonal elements of ^'■^•''^(a, v)k,k';k,k' 
be symmetric under the interchange of v' and v. From the last four terms in (|115p these diagonal elements are 

W^(i)^(a, P\v', i;)i,i;i,i = f-{v' + v + 2K)g^{v' - v)t'^ ^Tp^o (115) 
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P\v', f )i,L;i,L ^ f-{v' + V + 2K + 2Lr,)g^{v' -v- 2Lri)T'^^Tp^L (116) 

W'^^^^ia, P\v\ v)L^,L^ = f-{v' + V + 2K ~ 2L'n)g^{v' -v- 2Ltj)t'^^lTp^o (117) 

W^^^^ia, P\v', v)l,l-l.l = f-iv' + v + 2K)g^{v' -v- 4Lr]Kj^Tp,L (118) 
The equalities 

M^(i)^(a, P\v', w)i,i;i4 = M^(i)^(a, P\v, w')ia;i,i (119) 

W^(i)^(a, P\v', v)l,l-l.l = W^(')^(a, , v')l.L;L,l (120) 
follow from pi3p . 

To study W<-^^^a,P\v',v)i,L-iL and M^(i)S(a,/3| v' ,v)l,i;L,i we use the identity pi3p in pi6p and (|117p to 
obtain 

M/(i)^(a,/3|v',v)i,L;i,L = (-l)"^"n-l)"W(i)^(a,/5|«,i;')i,L;i,L (121) 

W^'')^{a,(3\v',v)L,i;L,i = (-l)"'^™H-l)"wW'5(a,/3|«,t;')L,i;L.i (122) 

From (jl2ip and (jl22p we conclude that in order for (|49|) to hold with A = 5 both mi and m2 must be odd or 
7712 must be even. With this restriction the method of appendix C of ref. \X\ demonstrates the existence of the 
similarity transformation Y and thus (|49p with A = S" is proven. 

5.1.3 The case A = R 

For the case A = i? we consider 

{v')RQ^j^'> (i;) U,^ = TrTy(i)^(ai , ft \v\ v) ■ ■ ■ W^'^^^ia^ , Pn\v\ v) (123) 
where W'^^^^{a, (3\v' ,v) are x matrices with elements 

W^'^''{a,f3\v\v)k,k';U' = E 4'^(«,7|t'')M4'^(-7,/3|t')fe'.i' (124) 

and use the identity derived from 15.4.28 of [21] 

QmMH^M + H„,{vi)e^{v2) = f^ivi + V2)g'^{vi - V2) (125) 

with 

f^iz) = 2H„,{z/2)Q^{z/2)/{H^{K)Q^{K)) (126) 

gl{z) = H,n{K + z/2)Q^{K + z/2) (127) 

where we note that 

/f (-z) _e»™2./(2Lr,)/-R.(;2) (128) 

g^{-z)=g"^{z) (129) 

<?«(z + 4Lr?) - (-1)"^ (_i)™i™2^«(^) (130) 

and for mi and TO2 even 

g^{z + 2Lr^) = {-ir^^^'{-ir^"^^^'g^{z) (131) 

where follows from P?7)) . The proof of follows from (|X7)) . (|X8 |l . fO]) and (fO0| . The property 

P3ip follows from (|130p with toi — > mi/2 and m2 TO2/2. 
The diagonal elements of W^-^'>-^{a, P\v' , v) are 

W'(i)«(a, z;)ii,ii = /^'{v + v' + 2k)g'^{v - i;')^a,o^/3,o (132) 
W^(i)«(a, v)i^L-ix = (f + i;' + 2if + 2L77)5:«(i- - v' + 2Lri)T'^^^T0^L (133) 
W^(i)«(a, v)l,1;L,i = (« + i^' + 2if - 2L77).g^(i- - v' + 2Li^)t'^ ^t/j.o (134) 
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W^(i)«(a, PW, v)lml,l = f^iv + v' + 2K)g'^{v - v' + 4Lr,)T'^ ,^Tp^L (135) 
The equalities 

W^(i)«(a, = W^^^'^ia, p\v, (136) 

M^(i)^(a, P\v\v)l,L;L,l = M^(^)^(a, P\v, v')l,l-l,l (137) 
follow from (|130p . and 

W^'^''{a,(3\v',v),^L-xL - (-l)™^'"H-l)"W(i)«(a,/5|z;,i;')i,L;i,L (138) 

PF(i)^(a,/3|z;',i;)i,i;i,i = (-l)"^™H-l)'"W(i)«(a, /3|«, z;')i,i;L,i (139) 

follow from (|130p . Consequently with the restriction that mi is even or that both mi and m2 are odd the 
methods of appendix C of [T] demonstrate that the interchange relation holds for A — R. 

5.1.4 The case A = RS 

For the case A = RS we consider 

Qi')(t;')i?^Qi'^(t')U,/3 = TrW^««^(«i,/?i|i;',t;)...M^««^(a^,/?^|z;',i;) (140) 
where W'^^^'^'^ {a, f3\v' ,v) are x matrices with elements 

W^'^''''{a,f3\v',v)k,k':i.i' = ^ 7Si'\a,j\v%,iS^^\-j,(3\v)k',i' (141) 

and use the identity 

OmMHraM " HmMOrr^M = /^^(t'l + f2).g''(fl " «2)) (142) 

with 

/i^(z) = 2e-^^'"^^/2^''i/„(z/2 - if)e„,(-z/2 + K)/{H,r,{K)e^iK) (143) 
g«(z) = H,n{z/2)e,ni-z/2) (144) 

where we note 

g^i-z) = -g^{z) (145) 

g^(z + ALt]) = (_l)™i+™2(_i)mim2^fl(-^) (14g) 

and for both mi and TO2 even 

(z + 2Lr;) = (-l)("i+™2)/2(_l)"i"2/4^fl(^) 

The relation (|145p follows from (jA.7p . the relation (|147p follows from (|146p with mi ^ mi/2, m2 — > 7712/2, and 
the proof of (fT46)) follows from (fO)) . CO|) . ((X9)) and (fOO)) . The diagonal elements of Vl^(i)^(a, /3|7;', w) are 

M/(i)«^(a, /?|z;', 7;)ii,ii = /^(z; + i;' + 2i^)ff«(7; - z;')t4,o^;3,o (148) 
Ty(i)«^(a, /3|7;', 7;)i,l;i,l = f^iv + v' + 2K + 2L'n)g'^{v - v' + 2Lri)T'^ ,,Tp,L (149) 
W(i)^^^(a, /3|7;', t^)L,i;L,i = f-{v + v' - 2Lrj)g^{v - v' + 2Lrj)T'^^r.rp,o (150) 

ty(i)«^(a, /3|7;', t;)i,L;L^L = /^(t' + + 2i^).9^^(z; ~ v' + ALr^y^^^Tp^L (151) 

When N is odd the antisymmetry of g?:{z) in (I148|) prevents the proof of [1] from being used. However when 
N is even the operators S and R commute and thus P9|) with ^ = i?S' holds if the equivalent relation 

Ql{vi)RSQr{v2) = Ql{v2)SRQr{vi) (152) 

is valid. But 

Q'^l\v')SRQ^^\v)U,p = TvW^^'>^''{ai,l3i\v\v)---W^^'>^''{aN,f3N\v',v) (153) 
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where 



= -W^^'>''''ia,P\v',v)k,k';U' (154) 
and the minus sign in (|154p compensates for the antisymmetry of g^{z). Therefore by use of ()146|) in the case 



1 



(155) 



we find that p52p holds and hence we find that the interchange relation holds for A'' even in the case nii 
and TO2 even but fails in the other three cases. 



5.1.5 Summary 

The results obtained above for the validity of the interchange relation P5)l for A =^ I,S and R are summarized 
in the following table where Y (N) indicates that the relation holds (fails). 



Table 1: Summary of the values of the matrix A for which the interchange relation holds. 



nil 


1712 


/ 


S 


R 


RS 





e 


Y 


Y 


N 


N 








N 


Y 


Y 


N 


e 


o 


Y 


N 


Y 


N 


e 


e 


Y 


Y 


Y 


Y 



5.2 The nonsingularity condition 

It remains to examine the validity of the nonsingularity condition. In the case of m2 = this condition was 
numerically studied in ref. [T3] for several values of L and N and it was found that for L odd that Qr{v) was 
nonsingular for all v only when mi was odd. We have extended that study to m2 ^ and found that for the 
cases studied Qr{v) is singular for all v only when L is odd and both toi and m2 are even. 
In the remaining three cases where one or both of mi and m2 are odd the matrices Qr{v) and Ql{v) were non 
singular for generic values of w, We conjecture that this is generally true. 



5.3 The matrices Q 



(1), 

72 I 



Using the results for the interchange relation summarized in table 1 and assuming the validity of the conjecture 



of sec. 5.2 on the nonsingularity of Q}^ we conclude that the matrix Q72 H"^) defined by (|5ip satisfies the TQ 
equation ([T]) and the commutation relations ^ and ([3]) for both case 1 where mi is odd and TO2 is even and 
case 4 where mi is even and m2 is odd. It further follows from the relations summarized in table 1 that the 
commutation relations ((9|)- (|lip with R, S, and RS hold for the three case where mi and TO2 are not both even.. 



6 The matrix Qy^eel^S ^) case 4 where mi, m2 is even and is even 

We found in sec. 5. 2 that in case 4 where L is odd and mi, m2 is even the matrix Q'^^2ee does not exist. Therefore 
to satisfy the TQ equation 



T(w)Q(2) {v-t)^ c^^ [h{v + r;)]^Q(2) _ 2r;; t) + c^"^ [h{v - 77)]^Q(2) ^ 377; t) 



(156) 



and the commutation relations ([S])-® a new construction must be found. For m2 = this was accomplished 
in ref. [16]. We here generalize this construction to even values of m2 7^ 0. In sec. 4.2 we demonstrated that the 
matrix Qfl"* W) defined by the matrices S^^^ {v; t) of fTSl) satisfies the equation ((79| and that there is a companion 
equation for Q^j^'{v). Therefore to complete the proof of the TQ equation (|156p we must find values of t and 
matrices A for which 



}^l\v'-t)AQf{v-t) = Qf{v-t)AQf{v'-t) 



(157) 



holds for which Qj^ {v;t) is nonsingular. 
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6.1 The interchange relations 

We consider the cases oi A — I, S, R and RS separately. 

6.1.1 The case A = I 

We begin by examining (|157p with A — I and write 

Qf {v'; t)Qf (v; U,/3 = W^'^ {a, , A \v\ v) ■ ■ ■ W^^^ {aN,f3N\v', v) (] 
where W'^^'' {a, P\v' ,v) are x matrices with elements 

W^'Ha,(3\v',v)k,k';U' = si'\a,j\v')kjS'i\j,p\v)k'.i' (] 

The matrix W^^\a, (3\v' ,v)) is expHcitly written out as 

PW^v) = T'^,^krp,-k'f-W + v + 2{k- k')r,)g^ {v' - v + 2t + 2{k + /c')r?) (1 

wt'^i,k'+i;k,k'i^:PW,v) = r'^^urp.k'f-W + v-2{k- k')r^)g^{v' ~ v ~ 2t - 2{k + k')r,) (] 

W^S'+i;fe+i,fc'("' = <~krprf+W + « + 2t + 2(fc + /c')77)5+K - + 2(fc - k')!^) (] 

= r;,,r^,_,,/+K + « - 2t - 2(fc + k')r,)g+{v' - v - 2{k - fc» (] 

where f+{z) and (7+(2:) are given by ([55)1 and (|5D|) and f-{z) and g-{z) are given by (I109P and (jllOp . 
We again look for an x diagonal matrix F^^' 

such that 

=r(2)vt/(2)(a,^|^;,i;')r(2)-l (] 

The expressions for the diagonal elements are symmetric under the interchange of v' and v and thus there 
no restrictions such as we had for Q^j^ and Qy^'^. Using (|160p - (ll6ip and g-{z) = g^{—z) in (I164p - p65p 
find the single equation 

g-{v' ~v + 2t + 2{k + k')ri) = g^{v -v' + 2t + 2{k + k')ri) (] 

Uk+iM'+i 

or equivalently 

g^{v' - V -2{k + k')'r] -2t) 
yk+i,k'+i - Vk.k' ^^(„,_„ + 2(fc + fc')^ + 2i) 

Similarly by using ()162|) - (|163|) and g+{z) = g^{—z) in ()164|) - ()165p we find the single equation 

g+{v' -v + 2{k- k')f]) = ^*^-fc'+i g^(^ ^ 2(fc - k')r)) (] 

and thus we obtain 

g+{v - v' + 2{k - k' + l)ri) 

yk+i,k'-i — Vk.k' — 7 } — TTTj — , , , T\ \ V 

g+(v — v' — 2[k — k' + 1)77) 

We follow [TB] and note that for the recursions p67p to be free of contradictions we need 

yk+L,k' + L = yk,k' 

and for (I169P to be free of contradictions 

yk~L,k'+L = yk,k' 

In order for (|170p to hold we need to choose t such that 

g^{v -v' ~ 2{k + k')r] - A{L - 1)?/ - 2t) g^{v - v' - 2{k + fc')?7 - 4(L - 2)77 - 2t) 
g-{v -v' + 2{k + k')r) + 4(i - 1)t] + 2t) g-{v - v' + 2{k + k')f] + 4(L - 2)77 + 2t) 
g^{v-v' -2{k + k')'q-2t) 



g^(v - v' + 2{k + k')r] + 2t) 



= 1 
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which will be satisfied if the factors g-{v — v' — 2{k + k')rj — Aciij — 2t) in the numerator must cancel the factors 
g-(v — v' + 2{k + k')ri + 4c2?7 + 2t) in the denominator. For this we need to use the periodicity properties of 

g-{v)- 

From the definition (jllOp of and the periodicity of Hm{v) (|28p .([32 | it follows that for all even mi and 

m2 

g.{v + 4{nK + ir2K'))=g^{v) (173) 

Furthermore we use the definitions (HI) and (I34p in (I114p to find 

g^iz + rainK + ir2K')) - (-in"^/4(-l)"^/ V (174) 

When 1712 = 2(mod4) we see from p4|) that tq = 2 (niod4) and thus it follows from (|173p and (|174p that we 
have the additional periodicity condition 

g_(z + 2(nK + ir2K')) = -(-l)'"i/2g_(z) (175) 
Consider first the periodicity (|173p . This will provide cancellation if an integer / can be found such that 

-2(fc + k')ri - AciT] -2t = 2{k + A:')^ + 4c27? + 2< + U{riK + ir2K') (176) 
which by multiplying by L, using ^ and ([M]) and defining 

t = t77 (177) 
becomes 

-(fc + k')r^ - ciro - irn = C2ro + 2LI (178) 

For m2 even the quantity rg is always even and thus (jl78p can always be satisfied by integers for t = n with 
n an integer because C2 can be shifted into the interval Q < C2 < L. Furthermore if TO2 = (mod4) then for 
even mi we have tq = (mod4) and thus (|178p may be satisfied by integers for t — n ^ 1/2. Thus we have 
demonstrated that for all cases of mi and m2 even that (|170p holds for t = n and for m2 = (mod4) and mi 
even that (|157p with A = 1 is satisfied for i — n + 1/2 but is not satisfied if m2 = 2 (mod4) and mi even that 
(|157p with A = 1 is satisfied for t = n + 1/2 but is not satisfied if m2 = 2(mod4). 

We next consider the periodicity condition (|175p which holds for m2 = 2 (mod4) and tq = 2 (mod4) which 
with the additional restriction that mi = 2 (mod4) specializes to 

g-[z + 2{riK + ir2K')) = g^{z) (179) 

This will give the desired cancellation in p72p if instead of (|178p we have 

-(fc + /c>o-ciro-iro = C2ro + L/ (180) 

Using the fact that tq = 2 (mod4) we see that this equation can be satisfied in integers for i — n+1/2. Thus we 
have demonstrated that (|170p is satisfied for the case mi = 2 (mod4 and m2 = 2 (mod4) with t — {n + 1/2)77. 

To complete the proof of (|157p with A = 1 it remains to demonstrate that p7ip holds. We see from (|169p 
that this will be the case 

g+{v -v' + 2{k -k' + l)r] - A{L - 1)77) g+{v - v' + 2{k - k' + l)r] - 4(L - 2)t]) 

(181) 



g+{v -v' - 2{k -k' + l)r] + A{L - 1)??) g+{v - w' - 2{k ~ k' + l)r] + A{L - 2)r]) 
g+{v - v' + 2{k - k' + 1)7]) 



g+{v - w' - 2(fc - k' + l)'q) 

In contrast to (|172p this is independent of t and therefore using the periodicity condition which follows from 
the definition of g+(z) and the periodicity of H„i{v) (IMj) . ([32 ]) 

g+{v + A{riK + ir2K'))^g+{v) (182) 

we show that (|18ip holds for all mi and m2 even. Thus we have proven that (|157p with A = I holds for the 
cases 

mi even, m2 even with t = nrj (183) 

mi even, m2 = (mod4) with t — {n + l/2)rj (184) 

mi = 2 (mod4), m2 = 2 (mod4) with t ^ {n + 1/2)?? (185) 
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6.1.2 The case A = S 

We study the interchange relation (11571) with A = S \n a, completely analogous manner by writing 

(«'; t)SQ%\v- = TvW^''^Hai,l3i\v\ v) ■ ■ ■ W^''^\aN . PnW , v) (186) 

where W^'^^\a,(3\ v',v) are x matrices with elements 

W^^''\a,P\v\v)k,k';i,i' = s['\a,j\v')k,nS^^\j,p\v),,,, (187) 

is explicitly written out as 

Kk']k+i,k'+ii^:PW^ = <,~krf^.-k'f+{v' + « + 2(fc - k')rj)9+{v' - v + 2t + 2{k + k/)ij) (188) 

wtl%>+,.,,,Aa,0\v',v) = T'^,,T0^k'f+{v' + v-2{k- k')^)g+{v' - v - 2t - 2{k + k')^) (189) 

Wtf+uk+i.k' («' = <~krp.k'f- W + v + 2t + 2{k + k')r^)g^ {v'-v + 2{k- k')rj) (190) 

v) = r;,r^^_fe,/_(«' + v - 2t - 2{k + k')r^)g^{v' - v - 2{k - k')rj) (191) 

where the roles of f+{z) and g+{z) and f-(z) and g-{z) are reversed from p60p - (|163p . 
We now use the periodicity property 

g+{z + ro(riif + ir^K')) = (-1)"^'"^/V(^) (192) 

which follows from fM)) and (|182p in exactly the same manner used to prove (|157[) with ^ = / to prove that 
(fT57ll with A = 

TOi even, m2 even with t = nrj (193) 
TOi even, m2 = (mod4) with t — {n + l/2)rj (194) 
TOi = (mod4), m2 EE 2 (mod4) with i = (n + 1/2)77 (195) 

6.1.3 The case A = R 

To investigate (|157p with A = i? we write 

Qf («'; i)i?Qk'^ (i^; i) U,/3 = Triy (c,, , ^;) . . . vf(2«) (^^ ,(3n\v',v) (196) 
where W^'^fl) (q,^ ^) 

are x L-^ matrices with elements 
W^^^\a,l3\v',v)k,k';i,i' = S^^\a,j\v%,iS^^\-j,p\v)k',i' (197) 

7=± 

By use of the identities (|125l) and ()142p the matrix W^'^^^{a, P\v' ,v) is explicitly written out as 

= r'a,-krp,-k'f'^iv + V+ 2{k - k')ri)gl{v' ^v + 2t + 2{k + k')r^) (198) 
= <krp.k'f''{v + v'- 2{k - k'Hg^{v' - v - 2t - 2{k + k')r,) (199) 
= ^a,-fe^/3.fc'/f ('^ + «' + 2< + 2(fc + k')'n)g^{v' -v~2{k- k')ri) (200) 

= -T^feT^.-fc./^ti; + - 2i - 2(fc + k')7^)gl{v' - v - 2{k - fc» (201) 

We again follow the procedure of the previous subsection and look for a diagonal similarity transformation. 
However because of the antisymmetry of g^{z) and recalling the L is odd the consistency condition analogous 
to (fTf^ for pM]) and is 

g^(w - - 2(/c + fc')?7 - 4(L - 1)77 - 2t) g^{v - v' - 2{k + k')r] - A{L - 2)r] - 2t) 
gR(y - I)' + 2{k + k')r] + 4(L - 1)77 + 2t) g^{v - v' + 2{k + k')ri + 4(L - 2)77 + 2t)"' 
gR[v -v' -2{k + k')r]-2t) 



g^{v ~v' + 2{k + fc')7/ + 2t) 



(202) 
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whereas in analogy with (I18ip the consistency condition for (|200p and (|201[) is 

g^{v -v' + 2{k -k' + - 4(L - l)ry) g^{v - v' + 2{k - k' + l)r] - 4(L - 2)77) 
g^{v -v' ~ 2{k - fc' + 1)t] + A{L - 1)t]) gf{v - v' - 2{k - k' + 1)t] + 4(L - 2)77) 
g^jv -v' + 2{k -k' + l)ry) ^ ^ 

- - 2(A: - fc' + l)r;) ^ 

we see that we will satisfy (|202l) if there is the pairwise relation between factors in the numerator and denominator 
of 

g'^{v ~v' - 2{k + k')r] - AciT] - 2t) = -.g^(^; - v' + 2{k + fc')?7 + Ac2'n + 2t) (204) 

and therefore in contrast with the cases A = I and S we must consider antiperiodicity properties of g^{z) 
In contrast the condition (|203|) is satisfied if 

g1{v -~v' + 2{k -k' + l)rj - 4cir;) = 5:^^(1; - u' - 2(fc - k' + + 4cir;) (205) 

which requires a periodicity (and not an antiperiodicity) property for g^{z) 

The (anti)periodicity properties analogous to ()173p follow from the definitions (|127|) of 5:^(2) and p44p of 
g-{z) and the properties and (|29p of Hm{z) and 8m (z) 

(z + 4(riX + zraif') - (-l)'-i5^(z) (206) 

Consider first the the condition (|205p . In the case that ri is even we have from (|206l 

g'liz + A{r^K + ir2K')) = g^{z) (207) 

and thus ((205)) will hold if 

4(/s - fc' + l)r; - 4ci = 4c2 + 4/(riis: + ir2K') (208) 

which after we multiply by L and use the root of unity condition ([4]) becomes 

(fc - fc' + l)ro - ciro = C2ro + 2L/ (209) 

which can always be satisfied in integers because for mi and m2 even tq is always even. 
In the opposite case where ri is odd we have from (|206p 

g^{z + %[TiK + ir2K'))=g^[z) (210) 

and thus (|205p will be satisfied if 

(fc - fc' + l)ro - ciro = csro + 4L/ (211) 

This can only hold if tq = 0(mod4). However it follows from the definition (p4|) of ri that when mi is even and 
ri is odd that ro/4 must be an integer. Therefore the condition pOSp is always satisfied. 
We next attempt to satisfy ([204]) by use of ((206ll for ri odd. Thus 

g":{z + 4(2/ + l)(riX + ir2K')) = -5^!(0) (212) 

and (|204p will be satisfied is 

-(fc + fc')ro - Ciro - roi = czro + 2(2/ + 1)L (213) 

However, we have just seen that when ri is odd and mi is even that ro/4 and TO2/4 must be integers. Therefore 
because 2/ + 1 and L are odd (|213p cannot be satisfied in integers for any integer t. Therefore there are no 
solutions ioi A = R which are analogous to the solutions t = nr] for the cases A = I and S. However, if 
t — n+ 1/2 the condition ()213p can be satisfied in integers if ro/4 is an odd integer which leads to the conclusion 
that the interchange relation p57p with A = R holds for t = {n + 1/2)?? when 

TOi = 2 (mod4), m2 = (mod4) (214) 

It remains to investigate the possibility of using (|147p to satisfy (|204p . The condition (|147p is antiperiodic in 
the three cases where mi/4 and m2/4 are not both integers. We have already considered the case m2 = (mod4) 
and thus need only consider the remaining cases where m2 = 2 (mod4). In these cases ro = 2 (mod4) and thus, 
because toi is even ri must be even. Thus we find from (I206P and (|147p that for toi even and TO2 = 2 (mod4) 
that 

g^{z + 2(2/ + l){riK + ir2K')) = -g^{z) (215) 
and from this it follows that ((^0^ holds for t = {n + 1/2)?? 
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6.1.4 The case A = RS 

The case A = RS is treated by similar methods and we find that the only case where the interchange relation 
(fTFT]) holds is for t = {n + 1/2)77, mi = 2 (mod4) and m2 = (mod4). 
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6.1.5 Summary 

The results obtained above for the validity of the interchange relation (|157|) with t = nij and (n + l/2)ri for 
A = I, S and R are summarized in the following table where Y (N) indicates that the relation holds (fails). 

Table 2: Summary of the values of the matrix A for which the interchange relation p57p with t — mj holds 
where the notation 0(2) stands for = 0(2)(mod4) 



mi 


m2 


/ 


S 


R 


RS 








Y 


Y 


N 


N 


2 





Y 


Y 


N 


N 





2 


Y 


Y 


N 


N 


2 


2 


Y 


Y 


N 


N 



Table 3: Summary of the values of the matrix A for which the interchange relation (|157p with t = {n + l/2)rj 
holds where the notation 0(2) stands for = 0(2) (mod4) 



mi 


ni2 


/ 


S 


R 


RS 








Y 


Y 


N 


N 


2 





Y 


Y 


Y 


Y 





2 


N 


Y 


Y 


N 


2 


2 


Y 


N 


Y 


N 



6.2 The nonsingularity condition 

We have found numerically for several special cases that Qj^ {v;nr}) is non singular for mi and m2 even and 
that {v; {n + 1/2)77) is singular only for mi = 2 (mod4) and m2 = (mod4). We conjecture that this is true 
generally. 

(2) 

6.3 The matrices <572ee('^;^) fo^" t = nr] and {n + 1/2)7] 

From the results for the interchange relation p57p summarized in table 2 for t — nq and in table 3 for t — 
(7T- + 1/2)77 s-nd assuming the validity of the nonsingularity conjecture we conclude that the matrix Q.j2{v] nrj) is 
constructed from (|5ip for all even mi and TO2 with the commutation relation given in (|12p of the introduction 

('2) 

and that the matrix Qij^iv', {n + 1/2)77) is similarly constructed from ([5T|) for the three cases 

TOi = (mod4), m2 = (mod4) 
TOi = 2 (mod4), m2 = 2 (mod4) 

mi EE (mod4), m2 ee 2 (mod4) (216) 
with the commutation relations given by p^ - p5)) . 

7 Quasiperiodicity properties of Q^^2{^) Qrii^'i'^) 

We complete our discussion of the Q matrices by deriving their quasiperiodicity properties and general form of 
the eigenvalues. 

7.1 Quasiperiodicity of (572^ (f) 

To compute the quasiperiodicity properties of Q^2i^) i^^'^t use the quasiperiodicity properties ([^51) - ([?T|) in 
the definition of S^^/' ^ to find 

S^^\a,(3),.u{v + L0^) = {-ar{-ir^^S^,^\a,f3),.k{v) (217) 
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and 



S^^\a,P\k+i{v + u^2) = (-a)^(-l)-V-'e-2W-ie4-'=''/-i4')(a,/3)fc,fc+i(i>) l<fc<L-l 

(218) 

The dependence of (j218[) on ro distinguishes case 1 with mi odd and rn2 even from cases 2 and 3 with rn2 
odd. 

7.1.1 Case 1 with mi odd and TO2 even 

In case 1 where mi is odd and m2 is even the greatest common factor ro in 2mi and m2 is even, ri must be 
odd but r2 is unrestricted. Therefore we find directly from the quasiperiodicity (|217p and from ([55)1 and ([5T|) 
that 

Q^rLiv + ^i) = -Si-lf'^^Q^rLiv) (219) 

To examine quasiperiodicity under v ^ v + uj2 we use the diagonal similarity transformation (2.13) of |14] 
to write ((2T8)) as 

S'i^^a, I3){v + L02) = (-a)^(-l)"''g'-ie~2"''/"iM(i)^jj')(a,/3)(i;)M(i)-i (220) 

with 

M^^^, ^ e-2-'''=('=-i)/"Mfe,fc. (221) 
Thus we find from ^ and ^ that 

Q^72oe{v + ^2) = (-5)''(-l)^"''e-2-^"/"^g'-^Q(l(z;) (222) 

It follows from (|219p . (|222p and the fact that the eigenvectors of Qj^2i'^) ^'''^ independent of v that Q72oe(''^) 
commutes with S (as was shown directly in sec. 5) 

It follows from ((2T9)) and ((222)) that Q^^H^iv) has TV zeros in the fundamental parallelogram ([35]) 

0, uji, uji + Ci;2, (223) 

and thus may be written in factorized form as 

N 

Q72L(^') = ICexp{-iiyTTv/uji) Yl H,n{v " V,) (224) 

J=l 

with in the parallelogram ()223p . Using the form ()224p we find from the quasiperiodicity condition ()219p 

1 ^ g■^^{l + ^^S + l'+N} (-225) 

and thus 

l + iy + N + i's = even integer (226) 

where (—1)"^ is the eigenvalue of S. 
From ((222)) wc find 

N 

{-Sf = e-""*"^/'"n-l)''^exp(27rz^(t-, +if)/c^i) (227) 
and thus 

N 

h{vs + 1) - VIJJ2I1JJ1 +hN + 2 ^(uj + JC)/tJi = even integer (228) 



21 



7.1.2 Cases 2 and 3 with m2 odd 



When m2 is odd we see from (|34|) that tq and r2 are odd and ri is even for both mi even and odd. Therefore 
because tq is odd we find instead of the quasiperiodicity condition (j220|l under v ^ v ~\- L02 we have instead a 
quasiperiodicity under + 20-12 

S^^\a,P){v + 2^2) = g'"^e-^™/"iM(i)'5jj'^(a,/3)(u)M(i)~2 (229) 
to find 

Q^^^ {v + 2^2) = g'-4JVe-4"^''/-i Q W (w) (230) 
Thus by use of ([51]) we find 

Q^^Liv + 2C.2) = g'-^^e-^-^-Z-Q^y.^l^) (231) 



where a; is either e or o. 

If the area of the fundamental parallelogram is to be AKK' then the quasiperiodic property (|23ip mandates 
that instead of the parallelogram (|223p we need to consider the parallelogram 

0, tJi/2,cji/2 + 2cj2, 2w2 (232) 

To obtain the periodicity properties under v ^ oji/2 we write 

uji/2^riK + ir2K' (233) 

where ri/2 is an integer because ri is even. It then follows from the definitions (P5|) and the properties 
(|X5|) . CO|) and ([XO]) that 

Hra{v + c^i/2) = (-l)'-i/2e^''-i'-^/4e„(z;) (234) 
e„(« + c^i/2) = e^^'-^'-^'^H^iv) (235) 

We therefore obtain for 7712 odd and all mi that 

^^'^ (w + wi/2) = e"*'^i'^^/4i?5'^i/2^^i) (236) 

Case 3 with toi even 

When mi is further restricted to be even we find from ([34|) that ri/2 is even and therefore (I236P may be 
written as 

S'^^^ [v + ui/2) = e-'^'-^^^/^RS^^^ {v) (237) 
Therefore we find from ((38|) and ([5T|l that 

Q^2L(^ + ^1/2) = e~-^'^^/4i?Q(y,„(7;) (238) 
and from (|238p and the fact that the eigenvectors of Qrieoi^) ^^'S independent of w it follows that 

[Q^jL{v),R]^0 (239) 

which has been directly proven in sec. 5. 

From the quasiperiodicity relations (|231|) and (|238p it follows that the eigenvalues of Qr2eo^^) be written 
in terms of Hm {v) as 



AT 

Q^lLi-") = /Ce-''^™/-! [] Hra{v/2~Vj/2)Hra{v/2~Vj/2 + UJi/A)Hra{v/2~Vj/2 + iOi/2)Hm{v/2-V,/2^^iu:i/A) 

i=i 

(240) 

where the N roots i;^ lie in the fundamental parallelogram (|232p . From the quasiperiodicity relation (|238p we 
find the sum rule 

^N^ir^V2/i^^_^Yn ^ i^_^Y (241) 
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where (—1)'^^ are the eigenvalues of R and from the quasiperiodicity relation (|23ip we find the sum rule 

/ N \ 

1 = exp -iyATriu2/uJi + Am^ivj + 2K)/loi (242) 
Case 2 with mi odd 

The quasiperiodicity relation (|236p also holds but now for mi odd we have from ([M]) that ri/2 is odd and 
thus instead of (|238p we have 

Q« + c.i/2) = (243) 
and therefore 

[Q^2L(^),fi^] = (244) 

which has been directly shown in sec. 5. 

It follows from the quasiperiodicity relations (|243p and (|23ip that the eigenvalues of Q72oo(w) are of the form 
(|240p where the sum rule (|24ip is replaced by 

^Nnir^r^/i(^_^yRS = {^_iy (245) 

where (—1)''^^ are the eigenvalues of RS. 
7.2 Quasiperiodicity for Qrieei'^'^'^) 

When TOi and TO2 are both even we found that does not exist and that to solve the TQ equation we needed 

(2'] 

to use the matrix Q-j2{v]t) constructed in sec. 6. This matrix exists only for N even and we recall that for mi 
and m2 both even that tq is even. In fact we will see that for t = (n + 1/2)77 there will be different cases for 
ro = (mod4) and = 2 (mod4). 

We find from ([75)1 and (P5|) - (PT|) that the quasi periodicity properties of S^^\v) are 

Sf{a,f3),.k{v + L0i) = {-an~ir^^sf{a,p)M (246) 
Sf{a,f3)k^k+I{v + 0J2) = {-a)\-ir\'-^e-^-'^--^^^-'-'''^l^-sf{a,p)k,k+i{v) (247) 
S^^\a,P)u+iAv + ^2) = (-a)''(-l)°V"ie-2-(^+2'="+*-^)/-i4')(a,/3)fc+i,fc(t;) (248) 

From (|246p we find for all t that Q\^'{v;t) has the periodicity property (recalling that N is even) 

Qg) {v + uji-t)^ i-SY' Qg) (i;; t) (249) 

(2) 

However, the quasiperiodicity of Q]^ (w; i) under w v+uj2 is different for the two cases i = nrj audi = (n+l/2)r7 
and will be treated separately. 

7.2.1 Quasiperiodicity for t — nrj 

When t = nrj the matrix S^'^\a, P){v + UJ2) may be written as 

Sf{a,p){v + L02) = (-l)"''°/'(-a)^(-l)"''(7'-ie-2-»(""^)/'"iM(2-0)42)(^^^)(^)^^(2;0)-i (250) 
with M(2;0) given by 

M^'^^ _ ^^g-7riro/c(/c-l)/(2L)(_-[^-jnrofc/2g-7r'inrofe/(2L) (251) 

and thus we obtain from p8|) 

Qf{v + U2;n'n) - (-5)V-^e-2"^(''-^)/'^^Qg\t.; t) (252) 

Thus for t ~ nj] we find from the definition (j51p of Q72ee(^5 that 

q('2L(« + = (-^)'-^Q^2L(t'; nr,) (253) 

Q?Li^ + ^2;nrj) = (-5)V-^e-2-^^("-^)/-^g('2L(^;«'7) (254) 
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It follows from ((34)) that both b and ri cannot both be even and thus S appears in at least one of (|253p or (I254|) 

(2) 

and therefore as previously found in sec. 6 it follows that Q\2eei'^t^v) commutes with the operator S. 

We further conclude from (j253p and (|254p that the eigenvalues of Q72le(^; 't-^) be written in the form 



N 

l(2) 



Q72ee(^J nry) = /Cexp(-w7ru/cji) Y\ Hjn{v - vj) (255) 

where the N zeros Vj are in the parallelogram (|223p and the sum rules 

g-i^i^ = (256) 

N 

q'-''exp{2Tn vj/uji) = (-l)''(''=-i) (257) 
are satisfied. In particular if ri is even we see from (j256p that = 0. 
7.3 Quasiperiodicity for t = (n + 1/2)7] 

When t = {n + l/2)r] we first consider the case TO2 = (mod4). In this case tq = (mod4) and find from (I247P 
and (pig)) that 

4'^(a,/3)(w+W2;(n+l/2)r?) = (-l)''°/4(-a)^(-l)''V-ie-2"(^-^)/'^iAf(2^i)4')(a, /3)(t;; (n + l/2)r;)M(2;i)-i 

(258) 

where 

Mi\]^ = J^^^,g-^.r.a/c(/c-l)/(2L)^_^)rofc/4g-^z(2«+l)rofe/(4L) ^259) 

Thus from find from (|38l) that 

q(,')(^; + c^2; (n + 1/2)77) = (-5)V"'^e-2.'^('^-^)/"^gg'(t;; (n + 1/2)77) (260) 
This is identical with (|252[) for n?^) and thus we conclude that for ro = (mod4) that Q^'^2eei'^'-> (n + 1/2)77) 

______ ______ ______ j-2'j 

has the same quasiperiodicity properties (|253p . (|254p and form of eigenvalues (|255p as does Q72eei^y'"'V) 

We next consider 7772 = 2 (mod4) where rg = 2 (mod4) ri is even and r2 is odd. In this case the similarity 
transformation in (|258p will not exist. The reason for this that in order for (|258p to hold it was necessary that 

^ (261) 

(2) 

which is not the case when tq = 2 (mod4). In this case the analogous argument shows that Qj2eei''^^ + 1/2)??) 
is quasi-periodic under v ^ v + 2^2 and thus has 2N zeros in the parallelogram 0, ui. uji + 2w2, 2^2- 

However, these 2N zeros are not independent because there is an additional quasiperiodicity under v 
V + UJ2 + LUi/2. To show this we use the relations which follow from (lA.Sp - ljA.lip when ri is even and r2 is odd 

Hm{v + u;i/2 + LU2) = -(-l)''i/2+''(-l)'-i'-2/4+'^''g'-ie-2'^*(^-^)/"ie„(7;) (262) 
Q^{v + c^i/2 + LU2) = -(-l)''i'-^/4+"''g'-ie-2-(^-^)/'"ii/,„(7;) (263) 

and find from ([75)1 that 

s'i\a,P)k,k+iiv + u;,/2 + iU2) = {-aY^'^+'' f{v)e^''^e'-'^'+^^'^'^/'^- sf {-a, P)k,k+i{v) (264) 

sf{a,f5)k+i,k{v + ^il'^ + ^2) = {-aY''^+'f{v)e-^'/^e-^-'^'+^''^^/^-sf{-a,l3)k+iA^) (265) 

S^^\a,(3Y,L{v + u:i/2 + u:2) = {-aY''^+^f{v)e-^''\-^^'^'+^'^'^^'^'Sf{-a,(5)ix{v) (266) 

sf{a,f5)LAv + LO,l2 + u:2) = {-aY^/^+'' f{v)e-'/^e^^'^'+^'^^^/^^ {-a, (267) 

where 

f{v) = _j(_l)'-ir./4+ay-lg-2^»(i,-/f)/c^i (268) 

The expressions ()264p - ()267p can be written as 

M'^^-'^^sf{a,P){v + u:i/2 + uo2)M^^-^^^-^^e{~aY''^+''f{v)sf{-a,f3){v) (269) 
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with e = ±1 and 

^S'^ = ^k5k,k' (270) 

where 

ruk = (ie)fe-ie2'^*('=~i)(*+'''')/'^i (271) 
and for consistency we need 

(^jg')ig27ritL/aJig27riL(L + l)i;/wi _ (272) 

Using ((37| and the fact that ro/2 and L are odd (|272p reduces to 

(ig)Lg7r»tro/(2„) ^ (273) 

which with an appropriate choice of e = ±1 is satisfied for t — {n-\- l/2)ry as desired. Thus we obtain from (I269P 
for 7712 = 2 (mod4) and N even 

Q72L(«+^i/2+^2; (n+ 1/2)77) = (-l)'^/'5'^^/'+'(-l)'^'^^'-=/^g'-^e~2"^(''-^)/"^i?g^2L(«; ("+1/2)??) (274) 

Finally we recall from ([55)1 that 6 must be odd because ri is even and r2 is odd and that because ro = 2 (mod4) 
we have ri = 2(0) (mod4) for nii = 2(0) (mod4). Thus we find that for nii = 2 (mod4) and 7712 = 2 (mod4) 
that 

Q?L(v + c^i/2 + (n + l/2)r,) = g-^e-2-^(''-^)/-^i?Q(2)^^(«; (71 + 1/2)77) (275) 

_____ 

from which it follows in agreement with that (372ee(i'; (?^ + 1/2)??) commutes with R. For TO2 = 2 (mod4) 
and TOi = (mod4) 

Q^rL(v + ^i/^ + uJ2;(n+l/2)rj) = (-l)^/\'-^e-2"^(''-^)/"^i?5g(L(i;; (n + 1/2),?) (276) 

from which it follows in agreement with (fT5|) that Q72ee(^! ("^ + 1/2)'?) commutes with RS 

It follows from (|275p and (|276p that for 7712 = 2 (mod4) there are N zeros in the fundamental parallelogram 

0, uji, 3wi/2 + t^2, CJ1/2 + W2 (277) 

For 7771 = 2 (mod4) and 7772 = 2 (mod4) it follows from (|275p that the eigenvalues of Q^-^2eei''^y + 1/2)'?) 
are of the form 

N 

= x: n H^c-^)H„^ r ' + ^ )g^( " ' + ~ ^ 
7=1 

which as required by the condition (j249p is periodic in ti — > t; + wi and satisfies the quasiperiodicity condition 
(I275P with the sum rule 

For 777i = (mod4) and m2 = 2 (mod4) it follows from (|276p that the eigenvalues of (372ee(^; + 1/2)'?) 
are of the form (|278p with the sum rule 

8 Conclusion 

In this paper we have extended the construction of the matrices Q72{v) that solve the TQ equation (H])-© 
which were introduced in [1] to solve the eight vertex model in the elliptic root of unity case ([4]) from 7772 ~ 
to 7772 7^ and have found that the constructions depend on the parities of 7771 and 7772. In all cases we have 
examined the matrices (372(7') are nondegenerate. 
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We have found that in all cases the matrix Q72{v) defined at roots of unity (|4|) commutes with only one of 
the three matrices S, R and RS which are the discrete symmetries of the transfer matrix T{v) of the eight- 
vertex model. This is in contrast with the matrix Qjsiv) of [2] which commutes with all three of the discrete 
symmetry operators. This failure of (572 (w) to commute with one of the discrete symmetry operators of T{v) 
when combined with the nondegeneracy of Q72(v) provides an explanation of the existence of some eigenvalues 
of T{v) which are at least doubly degenerate. This mechanism is not possible for Qjslv) at roots of unity and 
is an indication that thee is a sense in which Q72(f) contains information which is lacking in Qjsi^v). 

Perhaps the most novel feature of our results is that in the case where both nii and m2 are even that there 
are different cases depending on whether or not mi and m2 are divisible by four and that for 7712 = 2 (mod4) 
there exist two matrices with different commutation properties with the discrete symmetry operators. These 
matrices map a degenerate subspace of T on another degenerate subspace with opposite eigenvalue of the 
discrete symmetry operator thereby doubling the size of degenerate muliplets of T. 

We finally note that even though there are cases where Q^]^\v) or Q^^\v) obey the interchange relation (|49|) 
with all four of the operators I,S,R and RS there is in fact no matrix (572 (w) which shares with (373 (w) the 
property of commuting with all three operators R, S and RS. This would happen for (v) if mi and TO2 are 

ever0 and for Q^^\v]t) if mi = 2 (mod4) and m2 = (mod4) and t = {n + l/2)ry[l, but in these cases Qr{v) 
is singular and thus the construction (j5ip of Qj2{v) cannot be made. 

The various new properties of Q72{v) found in this paper for m2 7^ must contain useful information about 
the still undetermined symmetry algebra of the eight vertex model at elliptic roots of unity. 

Appendix 1. Properties of the modified theta functions 

The functions H{v) and Q{v) defined by (j22|) and ([23|) have the following well known properties 

H{-v)^-H{v), e{-v)^e{v) (A.l) 

H{v + 2nK) = {-)'^H{v), Biv + 2nK) ^ Biv) (A.2) 

H{v + 2inK') = (-l)"g-"'e-"™/-^i/(i;) (A.3) 

6(1- + 2inK') = (-l)"g-"'e-"™/-^e(v) (A.4) 

Q{v + iK')^iq-^l^e-'^H{v), H{v + iK') ^ iq-^'^e-"^ Q{v) (A.5) 

It follows immediately from ljA.l[) - (jA.5[) that the modified theta functions Hm{v) and 8m (w) defined by 
have the properties 

H,^{2K-v)^H^{v), Q^{2K~v)^Qm{v) (A.6) 



Hr^{-v) = - exp H^v) e^-v) = exp (^^^) Qmiv) (A.7) 



and 



Hm{u + 2rK + 2isK') = {-If {-If H,n{u)eyi^{{m{rm2/2 - S77ii)[u + (r - 1)K + isK']l{Lii)} (A.8) 

e™(u + 2rK + 2isK') = (-l)"e„(u)exp{(7ri(rm2/2 - smi)[u + (r - 1)K + isK']/{Lr])} (A.9) 

Q„,{v + iK')=iq-''U^^ '^H,n{v). H^{v + iK') - zg-i/4exp CQ,n{v) (A.IO) 
where 

For convenience we note the special cases 

Hmiv + 2L?7) = I H„,{v) if m2-even .^^^2) 

^ // \ / 1 y^^i^tjj it m2=odd ^ ' 



iSee Tabic 1. 
2 See Table 3. 
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The properties ((XT2l) . ([XTS]) . (EHll-dSIl) follow immediately from (fO|) - COI|) . 

The functions H„i{v) and 0,„(w) satisfy the identities 

Hm{u)H,n{v)Hm{w)Hm{u + V + w) + 9m (u)9m (w)6m (w) 9m (u + V + w) 

= 9m(0)9m(M + v)e„,iu + w)Q„,{v + w) (A.14) 

H.m{u)Hm{v)Qrn{w)&m{u + V + w) + Q„i{u)Qm{v)H„i{w)H„i{u + V + w) 

= 9m(0)9m(u + v)H„,{u + w)Hm{v + w) (A.15) 

Appendix 2. Modified theta functions and Jacobi theta functions. 



We write the modified theta functions 

iJm(M) = exp( ^^j- \H{u) 9m(u) = exp( 19(m) (B.l) 

in terms of theta functions with characteristics defined as 

9„, = ^ exp(2^z(n + t/2){z + e' /2)) (B.2) 

— oo 

q — exp(i7rT) (B-3) 
To cancel a common divisor of mi and vi2 in 

2Lt] = 2miK + im2K' (B.4) 

we define 

(2TOi,m2) = ro 2toi = rori m2 = ror2 (B.5) 

2Lrj = roinK + ir2K') (B.6) 
ft follows 

i/m(u) --expf^^^)9n(u; + f/2) (B.7) 
\ri + r2T ) 

2 

r\ + r2T 
where 

w^ul2K ^\I2 (B.9) 
or after a shift of the argument 

Hm{u) = exp { '^^^"^ \ 9io(w) (B.fO) 

9m(u) - exp eg„(^) (B.U) 

Vri + r2T J 

The second step is to use the functional relation of theta functions. From [52] 



9m(u)= expl ^^^^ )9oi(u; + l/2) (B. 



exp 



9,,,'H = «-i(e,e',7)(cT + d)-i/2e,,,, ^ (B.f2) 

\CT + a cT + a , 
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7 = ( " ) ad-bc^l (B.13) 



where 

^ c d 
and 

e = ae + ce'-ac e' ^ be + de' + bd (B.14) 

We use (|B.12P to derive from (jB.lOp and (IB.lip for c = r2 and d = ri 



Tl + r2T 



(B.15) 



(B.16) 



ji + r2r 

ei =ari(ri +r2) e'l = -6(1 + a(ri + r2)) (B.17) 

e2 = rir2(a + 6) £3 = -a^l?-! + ^2) (B.18) 

where 

ar + b u — K ^ 

r'2T + ri ZK 

and where the integers a,b are solutions of 

an - 6r2 = 1 (B.20) 

The indices ei, • ■ • 63 can be shifted to 0, 1 such that the theta functions on the right hand sides of (|B.15|) . [B.16P 
become 

©00, ©01, ©10, ©11 = ©1, ©, Hi,H. 

It follows from equs. (|B.15|) and (jB.16p that the period and quasiperiod of H„i{u) and ©m(u) are 

LJi ^ 2{riK + ir2K') UJ2 ^ 2{bK + iaK') (B.21) 

The coefficient K(e, e',7) is not used in this paper. It is an eighth root of unity and its dependence on e, e' is 
given by 22- 

K(e, e', 7) = k(0, 0, 7) exp f —{e^ab + e'^cd + 2ee'6c + 2(ae + ct')bd) \ (B.22) 

Appendix 3. The equation for Q\i {v;t) 

We establish here the relation ([79)1 . Using the method of ref. fT] and J2] we write 

T(w)Qg'(i;; t) = Tr^(ai, /3i) • • ■ A{aN,f3N) + TrB(ai, • ■ • B{aN,PN) (C.l) 
where A{a, (3) and i3(a, /?) are 2L x 2L matrices given by 

with 
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and Pn given by ((77|) and where 



f/(-,/3) 



Then from (|C.2p and dTS]) we use 

and the identities (|A.14p . (jA.lsp to find 

A{+, /3)fe,fe+i = - v)H„^{v - 2fcry + 2r, - 

P)k+i,k = ^^-fe 0jj2fc + l)^tt) ^^'' ^ + 2fc?y + 277 + i) 



B{- 



P)k+l.k = T^,fc 



e„(-(2fc-l)r?-t) 
e™((2fc-l)r/ + i) 



e„((2fc + i)7? + i) 



- T])emiv + 2kr] + 2r] + t) 



/3)fe,fe+l = 



'e„((2fc-i)7/ + i) 



h{v + ri)Q,n{v - 2krj - 2ri - t) 



exp(™„./L)«'""^'' + l''' + " 



From ([XT]) we have 
e„(-(2fc + l)r/-i) 



e„(-(2fc-l)?7-t) ^e„((2A:- 1)77 + 

and thus with the definition (|80p of cj and 

e((2fc + l)77 + t) 
•'*''"'^e((2fc-l)r; + t) 

we may write (|C.7P - (|C.14p as 

^(+,/3)fe,fc+i(v) = w/fc h{v - ri)SR{+,P)k,k+i{v + 2ry) 



(C.4 
(C.5 

(C.6 

(C.7 

(C.8 
(C.9 
(C.IO 
(C.ll 
(C.12 
(C.13 
(C.14 

(C.15 

(C.16 
(C.17 



A{+ 


,P)k+i,k{v) 


- ujf^^h{v - v)SR{+,P)k+iM^ + 2ri) 


(C.18) 


Ai- 


,P)k.k+i{v) 


^ujfk h{v-ri)SR{-,P)k,k+iiv + 2r]) 


(C.19) 


Ai- 


,P)k+i,k{v) 


= ujfi^^hiv - T])SR{-,f3)k+i,k{v + 277) 


(C.20) 


B{+ 


,f3)kM+i{v) 


= Lu-\f^^h{v + v)Sr{+, P)kM+i (v ~ 277) 


(C.21) 


B{+ 


,l3)k+i,k{v) 


^uj^^fk h{v + r])SR{+,P)k+i,k{v -2r]) 


(C.22) 
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B{~, (v) - io-'fk'Kv + v)SB.i-,f3)Kk+i {v - 277) (C.23) 

B{-,P)k+i,kiv) = ^''fk hiv + Tj)SR.i-,P)k+i,k{v-2Ti) (C.24) 

The TQn equation (|C.1|) will be obtained if the factors of fk can be removed by a diagonal similarity 
transformation. 

SAA{a,P)Sj^ (C.25) 

with 

SA;k,k' — SkSk,k' (C.26) 

this is accomplished for the elements Ak^k+i{o:, (3) and Ak+i^kio^i P) with 1 < fc, < i — 1 

£^ = fi±l = ^ = f£Z£ forl<fc<L-l (C.27) 
Sfc+i Skjk sljl Si 

From the first equation in (jC.27P we have 

^ = ±1 {C.28) 
where the choice ±1 is still to be determined and from (|C.28P we have 

Sfc = (±1) sioj r, ( ^-^\ ■ (C.29) 

The remaining equations in (IC.28P will hold if 

= ±1 (C.30) 

Sl 

and using (|C.29p we obtain 

U^L^l)^ = 1 (C.31) 

Om(r] + t) 

which if we further use (|A.13|) restricted to the present case where mi and m2 are even and L is odd determines 
that the factor ±1 is 

±1 = (-l)™2/2 (C.32) 

An identical computation holds for the matrices B{a,P) and thus (recalling the N is even) we have proven 
that IZi) holds. 
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